Abstract. Mortar finite element methods allow for a flexible and efficient coupling of arbitrary nonconforming interface meshes and are by now quite well established in nonlinear contact analysis. In this paper, a mortar method for three-dimensional (3D) finite deformation contact is presented. Our formulation is based on so-called dual Lagrange multipliers, which in contrast to the standard mortar approach generate coupling conditions that are much easier to realize, without impinging upon the optimality of the method. Special focus is set on second-order interpolation and on the construction of novel discrete dual Lagrange multiplier spaces for the resulting quadratic interface elements (8-node and 9-node quadrilaterals, 6-node triangles). Feasible dual shape functions are obtained by combining the classical biorthogonality condition with a simple basis transformation procedure. The finite element discretization is embedded into a primal-dual active set algorithm, which efficiently handles all types of nonlinearities in one single iteration scheme and can be interpreted as a semismooth Newton method. The validity of the proposed method and its efficiency for 3D contact analysis including Coulomb friction are demonstrated with several numerical examples. 1. Introduction. Computational contact analysis in the regime of finite deformations has received much attention in recent years owing to its great relevance in many fields of engineering and the applied sciences. Among the most important challenges that have to be met with respect to finite element discretization is the question of how to treat arbitrarily nonmatching meshes at the interfaces between different bodies. Mortar methods, which were originally introduced as an abstract domain decomposition technique [2, 4] , have proved to serve as a very convenient computational framework for contact analysis, especially when considering large deformations and sliding motions. The characteristic feature of mortar methods is the imposition of interface constraints in a weak sense instead of a strong, pointwise enforcement. In the context of contact analysis this allows for a variationally consistent treatment of nonpenetration and frictional sliding constraints using Lagrange multipliers despite the inevitably nonmatching interface meshes.
Introduction.
Computational contact analysis in the regime of finite deformations has received much attention in recent years owing to its great relevance in many fields of engineering and the applied sciences. Among the most important challenges that have to be met with respect to finite element discretization is the question of how to treat arbitrarily nonmatching meshes at the interfaces between different bodies. Mortar methods, which were originally introduced as an abstract domain decomposition technique [2, 4] , have proved to serve as a very convenient computational framework for contact analysis, especially when considering large deformations and sliding motions. The characteristic feature of mortar methods is the imposition of interface constraints in a weak sense instead of a strong, pointwise enforcement. In the context of contact analysis this allows for a variationally consistent treatment of nonpenetration and frictional sliding constraints using Lagrange multipliers despite the inevitably nonmatching interface meshes.
One crucial ingredient of any mortar scheme is the definition of a suitable discrete Lagrange multiplier space. In the vast majority of publications, this space is simply based upon the trace space of the underlying finite element discretization, and this choice will be termed standard Lagrange multipliers in the following. Without claiming to be exhaustive, successful applications of such mortar methods using standard Lagrange multipliers for two-dimensional (2D) and three-dimensional (3D) contact analysis can be found in [3, 7, 8, 26, 27, 39] . An alternative approach, commonly known as dual Lagrange multipliers, was analyzed in [33] and heavily facilitates the treatment of mortar coupling conditions at the interface, while at the same time preserving the optimality of the method. The simplification is mainly achieved by choosing dual shape functions based on a biorthogonality condition, which avoids the necessity of solving a mass matrix system for the interface coupling problem. Extensions of the dual Lagrange multiplier approach to small deformation contact [16, 17] , finite deformation mesh tying [25] , and finite deformation contact [10, 23, 24] as well as efficient (multigrid) solution techniques [19, 36] have followed in recent years.
However, mortar methods for 3D finite deformation contact have so far mainly been investigated in the context of first-order finite elements, although quadratic finite element interpolation offers several appealing features for contact analysis, such as better approximation of curved surfaces. Standard Lagrange multipliers have been successfully treated in [28] . On the other hand, the 3D second-order case turns out to be especially challenging for dual Lagrange multiplier interpolation. The only existing contributions are given in [20, 21] , showing that unlike for standard Lagrange multipliers, the extension of dual Lagrange multipliers to all types of quadratic interface meshes is a nontrivial task and requires special basis transformation procedures. However, investigations there are limited to the domain decomposition case, and neither unilateral contact nor finite deformations are considered.
In the present contribution, we therefore first propose two new procedures for defining suitable dual Lagrange multipliers for quadratic finite elements in three dimensions. Based upon ideas from [20, 21] , we extend the focus to finite deformation contact analysis including Coulomb friction and also demonstrate the applicability of the newly developed dual shape functions in conjunction with our existing mortar framework [10, 23, 24] . As result, an algorithm is obtained that preserves all advantages of second-order mortar contact schemes using standard Lagrange multipliers [28] , while at the same time adding the benefits of dual Lagrange multiplier interpolation. The remainder of this paper is organized as follows. A short overview of the finite deformation contact problem is given in section 2, whereas mortar finite element discretization is described in section 3. Then, section 4 concentrates on discrete Lagrange multiplier spaces and introduces two new alternatives for second-order interpolation in three dimensions. The remaining parts of our contact algorithms, including the primal-dual active set strategy, are outlined in section 5. The proposed methods are evaluated by several numerical examples in section 6, and some conclusions are drawn in section 7.
Problem setting. Let the open sets Ω
(1) , Ω (2) ⊂ R 3 and Ω
(1)
represent two bodies in the reference and current configurations, respectively. Retaining a common nomenclature in contact mechanics, the two bodies are referred to as slave (superscript (1)) and master (superscript (2) ). The surfaces ∂Ω (i) , i = 1, 2, are divided into three disjoint boundary sets Γ c . A generalization of the problem statement to the case of multiple bodies or self-contact is possible without conceptual differences.
Strong formulation.
The boundary value problem of quasi-static finite deformation elasticity requires the displacement vectors u (i) = x (i) − X (i) , which describe the motion of the two deformable bodies from the reference configuration X (i) to the current configuration x (i) , to satisfy the following set of equations:
where t ∈ [0, T ] plays the role of a pseudotime. The material deformation gradient and the first and second Piola-Kirchhoff stress tensors are represented by F (i) , P (i) , and S (i) , respectively. Prescribed displacements on the Dirichlet boundary are represented byû (i) and prescribed tractions on the Neumann boundary byt
0 denotes a body force per undeformed unit volume on Ω (i) . Without loss of generality, we exemplarily consider an isotropic hyperelastic material behavior
represented by the strain energy function Ψ and the fourth-order constitutive tensor C, which introduces a possibly nonlinear constitutive relationship between the second Piola-Kirchhoff stress tensor S and the Green-Lagrange strain tensor E = 1 2 F T F − I . Specifically, the St. Venant-Kirchhoff model and a simple compressible neo-Hookean model (see, e.g., [14] ) will be employed to characterize the material behavior in the examples in section 6. In order to describe the nonpenetration condition and the frictional sliding conditions of the two bodies, a scalar normal gap g n and a relative tangential velocity vector v τ are introduced as
where n represents the current unit outward normal vector on the slave surface γ
is the result of a smooth mapping P : γ
along n. We point out thatẋ (2) is the velocity of the material pointX (2) , i.e., of the material contact point for X (1) at time t, and therefore does not include a change of the contact pointX (2) itself. Together with the two tangent vectors τ ξ and τ η , n forms an orthonormal basis in x (1) . Note that the contact surface γ
is a 2D manifold, which means that the tangential plane in each slave surface point x (1) locally defines an R 2 space embedded into the global R 3 . Thus, the projection of the relative velocity into this manifold can be characterized via only two components v 
Similarly to the relative velocity, the contact traction t
(1) c on the slave surface can then be separated into normal and tangential parts, yielding (2.6) t
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A Altogether, we can summarize the classical Karush-Kuhn-Tucker (KKT) conditions of normal contact and the frictional conditions according to Coulomb's law as
Here, · denotes the Euclidean norm in R 3 , μ ≥ 0 is the friction coefficient, and β ∈ R is a scalar parameter. Further details on contact kinematics and frictional sliding can be found in [18, 22, 38] .
Weak formulation.
For the sake of simplicity, we restrict the derivation of a weak formulation to the frictionless contact problem here. The focus of this paper is on suitable discrete Lagrange multiplier spaces, and the choice of these multipliers is completely independent of the precise tangential contact model. However, Coulomb friction is included in our actual implementation, and a suitable numerical example will be provided in section 6. Moreover, it is pointed out that a more general problem description including the entire weak formulation of Coulomb friction can readily be found in the recent review article [35] .
For frictionless sliding, the tangential part of the contact traction vanishes, and thus the set of conditions (2.8) is simply replaced by (2.9)
To start the derivation of a weak formulation of (2.1), the solution space U (i) and the weighting space V (i) are defined as
It is well known that the KKT conditions (2.7) along with the frictionless sliding conditions (2.9) or any frictional contact model can be incorporated by defining a B425 vector-valued Lagrange multiplier λ on the slave side of the contact interface. We point out that the choice of which side carries the Lagrange multipliers is arbitrary at this point and becomes important only in the discrete setting. As for the definition of the contact traction in (2.6), we denote the normal and tangential parts of λ as λ n n and λ τ , respectively. This enables the definition of a convex cone of Lagrange multipliers [17] as
where M is defined as dual space of the trace space W (1) of V (1) restricted to Γ
represents the duality pairing between M and W, which in turn denote single scalar components of the corresponding vector-valued spaces M and W. Finally, we have W + = {δu
j ≥ 0}. The weak solution of the contact problem can now be obtained from a mixed variational formulation, which is derived by applying the method of weighted residuals followed by integration by parts. Identifying the negative contact traction on the slave side of the interface with the Lagrange multiplier vector λ = −t (1) c and exploiting the balance of linear momentum across the contact interface yields the following saddle point-like problem formulation: Find
The constraint (2.14) will be treated by a primal-dual active set strategy (PDASS) or, to be more precise, by its reformulation as a semismooth Newton method as is presented in great detail for both frictionless and frictional finite deformation contact in [10, 23, 24] . In this regard, it should be emphasized again that the normal gap g n is a nonlinear function of the displacements u (i) due to the fully nonlinear problem formulation. Spatial discretization of (2.13)-(2.14) by a mortar finite element method will be roughly outlined in sections 3 and 4, whereas a detailed and comprehensive derivation is again to be found in [10, 23, 24] . For the sake of completeness, we would like to mention a notational detail: The last term in (2.13), which represents contact virtual work, is typically formulated in the current configuration for the considered finite deformation contact problems, while all other terms (representing internal and external virtual work) are formulated in the reference configuration.
3. Mortar finite element discretization. For the spatial discretization of the frictionless contact problem (2.13)-(2.14), standard isoparametric finite elements based on hexahedral, tetrahedral, or mixed 3D meshes are employed. This defines the usual finite dimensional subspaces U and V (i) , respectively. In this paper, we focus on second-order interpolation, which is characterized by 20-node or 27-node hexahedral elements as well as 10-node tetrahedral elements. Consequently, facets on the contact surfaces are typically 8-node or 9-node quadrilaterals and 6-node triangles. In a general form, displacement interpolation on the contact surfaces is given by
with the shape functions N (1) k , N (2) l . The total number of slave nodes is n (1) , and the total number of master nodes is n (2) . The discrete nodal displacements are denoted as d (1) k and d (2) l . In addition, an adequate discretization of the Lagrange multipliers λ representing tractions on the contact interface is needed. This is based on a discrete multiplier space M + h being an approximation of M + . Here, we distinguish between two possible families, namely standard and so-called dual Lagrange multipliers, where our focus will be on the latter. A general notation reads as
with the shape functions Φ j and the discrete nodal Lagrange multipliers z j . The total number of slave nodes carrying additional Lagrange multiplier degrees of freedom is m (1) . Typically, every slave node also serves as a Lagrange multiplier node; i.e., m (1) = n (1) . However, in the context of quadratic finite elements it will be favorable to choose m (1) < n (1) in certain cases; see sections 4.3 and 4.4.2. Standard Lagrange multipliers represent the classical approach for mortar methods [2, 4] and are usually taken from a finite dimensional subset W (1) h ⊂ W (1) which is the trace space of V (1) h . Thus, standard mortar methods lead to identical shape functions for Lagrange multiplier and slave displacement interpolation, i.e., Φ j = N (1) j . It is important to point out that unlike for the general mortar setting, no modification of the Lagrange multiplier shape functions at the boundaries of Γ (1) c is necessary for the contact problems considered here, as we assume that Γ
In contrast, the dual approach is motivated by the observation that the Lagrange multipliers represent fluxes on the interface in the continuous setting. This duality argument is reflected by constructing dual Lagrange multiplier shape functions [33] based on a biorthogonality condition with the displacements in W (1) h , which ensures that the Φ j are again well defined. Details on how to construct dual Lagrange multiplier shape functions in general, and for second-order finite element interpolation in three dimensions in particular, will be presented in section 4.
Moreover, we note that it has been shown in [30] , in the context of a Laplace operator-based model problem and standard Lagrange multipliers, that for conforming finite elements of polynomial degree p, piecewise polynomials of only degree p − 1 can be used instead of degree p in the definition of the Lagrange multiplier space without losing the optimality of the discretization error. Piecewise polynomials of only degree p − 2, however, lead to a predicted deterioration of the discretization error by O(h 1/2 ) measured in the energy norm. For quadratic finite elements, this means that only O(h 3/2 ) instead of an optimal O(h 2 ) convergence in the energy norm can be expected for such a choice of the discrete Lagrange multipliers. While the above observations apply to classical mortar domain decomposition, the contact case needs some further theoretical explanations. We stress that the solution of a contact problem is typically in H t (Ω (i) ) 3 with t < 5 2 , and thus no better a priori estimates
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than O(h 3/2 ) can be expected due to the regularity of the solution. Moreover, the inequality constraint of the contact formulation does not allow for higher-order a priori estimates, regardless of the selected discretization. These preliminary remarks motivate our approach to use uniformly stable inf-sup pairings (W (1) h , M h ) having reproduction properties of order (2, 0) in section 4.4. The idea of reducing the polynomial degree and thus the reproduction order for the definition of discrete Lagrange multipliers is one important ingredient for deriving feasible dual Lagrange multiplier shape functions.
Substituting (3.1) and (3.2) into the weak form (2.13) now yields the discrete quasi-static force equilibrium
where all discrete nodal values of the displacements and the Lagrange multipliers are summarized into the global vectors d and z, respectively. Nonlinear internal forces f int (d) and external forces f ext result from standard finite element discretization that is abundantly discussed in the literature and will not be repeated here.
For defining the discrete mortar operator B(d) and thus the nonlinear vector of contact forces, all finite element nodes in the two domains Ω
(1)h and Ω (2)h are split into three subsets: a subset S containing all n (1) potential slave side contact nodes, a subset M of all n (2) potential master side contact nodes, and the set of all remaining nodes N . The global displacement vector can be sorted accordingly,
T . Then B has the form
where the entries of the two mortar matrices D and M are given as (2) .
Note that I 3 ∈ R 3×3 is the identity matrix and P h : γ
c,h defines a discrete approximation of the actual contact mapping P (see, e.g., [7, 25] ). In general, both D and M are of rectangular shape; however D becomes a square matrix for the common choice m (1) = n (1) . Similarly, discretized versions of the nonpenetration conditions (2.14) and the frictionless sliding conditions incorporated in (2.12) can be derived. All details of this procedure can be found in our recent work [23, 24] . Here, we restrict the presentation to the final results, which comprise for every Lagrange multiplier slave node j = 1, . . . , m (1) the discrete weak constraints
It is easy to see that the constraints in (3.7) are simply discrete analogons of (2.7) and (2.9). Normal and tangential parts of the nodal Lagrange multipliers z j are defined just like the corresponding parts of the Lagrange multiplier vector λ in section 2. Quantities with a tilde (such asg n,j ) indicate that they result from the mortar integration over the contact surface with a weighting introduced by the respective Lagrange multiplier shape function Φ j . Equations (3.3) and (3.7) constitute the final discrete formulation of finite deformation contact with frictionless sliding in three dimensions. With some constraints still being stated as inequalities, the application of a suitable active set strategy becomes necessary; see section 5 and [10, 17, 23, 24] . Let us also point out that a detailed description of mortar finite element discretization in the context of large sliding and Coulomb friction, including a frame-indifferent formulation of the discrete relative tangential velocity, can be found in [10, 39] .
Discrete Lagrange multiplier spaces.
This section discusses different possibilities for the choice of the discrete Lagrange multiplier space M + h and thus for the associated shape functions Φ j in (3.2). In terms of accuracy, robustness, and efficiency of the numerical method, this choice may be crucial. Sections 4.1-4.3 give a short overview of well-known discrete Lagrange multiplier spaces used for unilateral 3D contact problems in the literature and of their respective properties. Thereafter, two new alternatives of dual Lagrange multiplier spaces for second-order finite element interpolation in three dimensions will be proposed and analyzed in section 4.4.
First-order interpolation: Standard Lagrange multipliers.
Firstorder interpolation with standard Lagrange multipliers represents by far the most common discretization strategy in all mortar settings, ranging from classical domain decomposition for elasticity (e.g., [25] ) to finite deformation contact (e.g., [26, 27] ). Multipliers are taken from a finite dimensional subset W (1) h ⊂ W (1) of the trace space W (1) , and thus every slave node also carries Lagrange multiplier degrees of freedom (m (1) = n (1) ). The shape functions Φ j are identical to the displacement shape func-
on the slave surface. For first-order finite elements in three dimensions, i.e., p = 1, this yields strictly positive linear (3-node triangles) or bilinear (4-node quadrilaterals) Lagrange multiplier shape functions of reproduction order p λ = 1.
First-order interpolation: Dual Lagrange multipliers.
First-order interpolation based on dual Lagrange multipliers is also well analyzed in the general mortar setting (e.g., [25, 33, 34] ) and for unilateral contact (e.g., [11, 17, 24] ). Dual shape functions Φ j are readily constructed with the biorthogonality condition
k dγ in the current configuration, where again m (1) = n (1) is chosen. Note that for distorted elements in general, and thus for finite deformation contact in particular, these shape functions depend on the deformation of the underlying finite element and thus cannot be defined a priori but result from simple element-local calculations (see, e.g., [9, 11] ). This yields nonpositive, discontinuous Lagrange multiplier shape functions, and the reproduction order of the global Lagrange multiplier interpolation is reduced as compared with the standard case in section 4.1. Yet, the element-local calculations ensure that at least the constant polynomials are contained in the global Lagrange multiplier interpolation, i.e., p λ = 0. The interested reader is referred to [9] for the corresponding proof. However, it has been demonstrated in numerous investigations [25, 33] and also proved theoretically [30] that this choice has no negative influence on the optimality of the discretization error. As for standard multipliers, one obtains O(h) convergence in the energy norm when dealing with Laplace operator-based model problems, linear elasticity, or frictionless contact problems.
The main advantage that can be drawn from dual Lagrange multipliers is that the coupling conditions at the mortar interface are much easier to realize as compared with standard Lagrange multipliers. This is due to the fact that we obtain nodal displacement basis functions on the slave side of a mortar interface which have only local support [33] . Algebraically, this advantageous property of dual Lagrange multipliers can be observed by the mortar matrix D in (3.5) reducing to a diagonal matrix.
Second-order interpolation:
Standard Lagrange multipliers. Consistent treatment of unilateral contact in the context of second-order finite elements and mortar methods is not straightforward in three dimensions. The reason lies in the use of weighted integrals for the variational formulation of the nonpenetration condition in (2.14) combined with the inequality nature of this constraint. It is obvious that the discrete nonpenetration condition (3.7) should yield a positive weighted gapg n,j if the value of the unweighted physical gap function evaluated at slave node j is positive and vice versa. Otherwise, the numerical algorithm will generate nonphysical gaps and penetrations, which leads to either unacceptable errors in the solution or a nonconverging active set strategy. Thus, we require the Lagrange multiplier shape functions Φ j to at least satisfy integral positivity, i.e.,
While the condition formulated above is readily satisfied by both standard and dual Lagrange multipliers for first-order interpolation, the second-order cases need further investigation. We have to distinguish between three different types of surface discretizations here: 9-node quadrilaterals (quad9 ), 8-node quadrilaterals (quad8 ), and 6-node triangles (tri6 ). Finite element shape functions for quad9 surfaces all satisfy condition (4.2) and can therefore be applied directly for standard Lagrange multiplier interpolation, which yields p λ = p = 2. However, certain finite element shape functions of quad8 and tri6 surfaces do not satisfy (4.2) and thus would not allow for an unmodified use in contact algorithms. As an example, the shape functions N 1 associated with a corner node of a quad8 element and of a tri6 element both violate (4.2). Examining the standard reference quadrilateral (−1, 1)
2 and the reference triangle with corners (0, 0), (1, 0), and (0, 1) in local coordinates ξ and η, we obtain
This argument motivates a simple but effective modification of standard Lagrange multiplier shape functions for mortar contact with second-order interpolation. Instead of choosing m (1) = n (1) and the shape functions Φ j identical to the displacement shape functions N j , a Lagrange multiplier interpolation based on strictly positive linear/bilinear polynomials (i.e., of reduced reproduction order p λ = 1) has been suggested and successfully applied to finite deformation contact analysis in [28] . Only the corner nodes carry discrete Lagrange multipliers in that case (m (1) < n (1) ). Moreover, this choice satisfies not only (4.2) but also pointwise nonnegativity (Φ j ≥ 0), which is even more preferable when dealing with the typical inequality constraints for contact.
Note that in classical domain decomposition problems (e.g., linear elasticity with mortar mesh tying) only equality constraints have to be taken into account and thus the integral positivity condition (4.2) does not play as important a role as in the unilateral contact analysis. Numerical investigations in this context have demonstrated optimal spatial convergence O(h 2 ) of the discretization error measured in the energy norm for both described choices, i.e., for quadratic/biquadratic (p λ = 2) and linear/bilinear (p λ = 1) standard Lagrange multiplier interpolation [28] .
Second-order interpolation: Dual Lagrange multipliers.
In the following paragraph, we derive new dual Lagrange multiplier shape functions for 3D mortar contact analysis with second-order finite elements. Quite similarly to the standard multiplier case outlined above, we aim at deriving two suitable alternatives, i.e., quadratic/biquadratic dual Lagrange multipliers (m (1) = n (1) ) as well as a linear/bilinear version (m (1) < n (1) ). Having to combine both the biorthogonality condition (4.1) and the integral positivity requirement (4.2) makes this a nontrivial task, and to the best of our knowledge no comparable investigations exist in the literature. The basic idea is a generalization of the approach presented in [20] for plane interfaces and undistorted finite elements to a general finite deformation contact setting. It is easy to verify that a naive application of the biorthogonality condition (4.1) to construct dual Lagrange multiplier shape functions would fail in the cases of quad8 and tri6 elements, because one would obtain Lagrange multiplier shape functions that do not satisfy (4.2). Moreover, for tri6 elements, the biorthogonality condition (4.1) does not even make sense when considering the result in (4.4).
Locally quadratic dual Lagrange multipliers.
As a first step towards defining suitable quadratic dual shape functions, a simple basis transformation for the displacement shape functions N j and nodal degrees of freedom on the slave surface is introduced, which guarantees that the modified shape functionsÑ j satisfy the integral positivity condition (4.2). As a consequence, dual Lagrange multiplier shape functions Φ j constructed from these modified displacement shape functions and the standard biorthogonality condition (4.1) will also satisfy (4.2).
This requirement still leaves a lot of freedom in arranging the actual basis transformation. Based on the usual node numbering in second-order finite elements, where first all corner nodes and afterwards all edge nodes are listed, one possible approach for tri6 elements is the following:
with the transformation matrix T ele ∈ R 6×6 and the index ele indicating a slave element. Computation of the inverse transformation matrix is straightforward, yielding
Investigating (4.5) and (4.6) in more detail, it becomes obvious that we have chosen the structure of the transformation matrix to be as simple as possible. As the shape Fig. 4.1. Displacement shape functions for a quad8 element (left) and for a tri6 element (right) . In each case, the unmodified shape functions N are illustrated in blue/dark gray and the modified shape functionsÑ in green/light gray for an exemplary corner node and an exemplary edge node.
functions associated with the edge nodes of tri6 elements are strictly positive anyway, they can be beneficially used to guarantee eleÑ j > 0 also for the corner nodes. To simultaneously preserve eleÑ j > 0 for the edge nodes, we must guarantee that α < 1 2 . The proposed transformation is symmetric in the sense that edge nodes yield equal contributions to their two adjacent corner nodes, and the modified shape functions satisfy partition of unity, i.e., 6 j=1Ñ j = 1. This choice is by no means based on restrictions, but it rather simplifies the biorthogonality construction later on. The quad8 case can be derived in analogy, with the numbers of edge and corner nodes simply changing from three to four. The effect of the proposed basis transformation for both tri6 and quad8 elements is illustrated in Figure 4 .1. For the sake of completeness, we mention that no basis transformation is needed in the case of quad9 surfaces, because the corresponding shape functions N j already satisfy (4.2); see [24] .
Finally, the scalar α needs to be determined. Of course, α has to be chosen large enough to guarantee integral positivity of the modified displacement shape functions. It can easily be verified that in the case of undistorted finite elements, this requires α > 0 for tri6 elements and α > 1 8 for quad8 elements. A second criterion is elaborated on in [20] , where the authors show that for undistorted finite elements with α = 1 12 (tri6 elements) and α = 1 5 (quad8 elements), respectively, it is even possible to have the piecewise linear polynomials included in the resulting dual Lagrange multiplier space M + h . As mentioned in section 4.2, the biorthogonality construction usually guarantees only that the constant polynomials are included in the dual Lagrange multiplier space (p λ = 0). However, with the focus of this contribution being on finite deformation contact, we are confronted with significant element distortions and not only with the special case of undistorted elements treated in [20] . This makes it impossible to choose α such that the piecewise linear polynomials are always included in the resulting dual Lagrange multiplier space. Moreover, in the case of combined tri6 and quad8 surface elements, the same value for α is required to obtain continuity of the global displacement interpolation. Based on these considerations and on our numerical experience, we suggest choosing the scalar α = 1 5 , which guarantees integral positivity of the modified displacement shape functions for all element distortions occurring in practice (and p λ = 1 for the special case of undistorted quad8 surface elements).
Feasible dual Lagrange multiplier shape functions Φ j are now readily obtained for all slave nodes (m (1) = n (1) ) from the common biorthogonality condition applied locally on each slave element to the basis transformed slave shape functions:
ele ,
Fig. 4.2. Displacement and Lagrange multiplier shape functions for a quad8 element (left) and for a tri6 element (right). In each case, the modified shape functionsÑ are illustrated in green/light gray and the dual shape functions Φ in red/dark gray for an exemplary corner node and an exemplary edge node.
where the number of Lagrange multiplier nodes is m In addition to the standard slave displacement interpolation in (3.1), we then obtain an alternative interpolation with basis-transformed quantities:
where the transformed nodal displacementsd 
for edge nodes, (4.9) with adj representing the number of slave nodes adjacent to slave node k. Nodewise assembly of (4.9) finally yields
where d S is the subvector of all nodal displacements on the slave surface as introduced in section 3, andd S is the corresponding vector with respect to the transformed basis. Moreover, T ∈ R 3n 1 ×3n
1 are the global transformation matrix and its inverse, respectively. In terms of numerical efficiency, it is important to point out that the transformation matrices are sparse matrices that can be defined once at t = 0 and that stay unaltered during the entire finite deformation process afterwards. Besides, the matrix entries of both T and T −1 can easily be computed from (4.9), and no actual matrix inversion needs to be carried out.
If we apply the proposed basis transformation during discretization of the slave part of the contact virtual work in (2.13), we obtain (4.11) δu
Thus, owing to the basis transformation and taking into account that m (1) = n (1) , the mortar matrix D is square and can be expressed as (4.12)
, whereD reduces to a diagonal matrix due to the biorthogonality relationship defined in (4.7). While the actual mortar matrix D is no longer a diagonal matrix, it is important to stress that the proposed basis transformation nevertheless preserves all advantages of dual Lagrange multiplier interpolation. Due to the trivial inversion of bothD and T, the inverse of the mortar matrix D is readily obtained as
Thus, the major benefit of dual Lagrange multipliers, namely the possibility to trivially condense all discrete Lagrange multiplier degrees of freedom from the global system of equations, is retained also for second-order interpolation. Algebraically, this can be observed by D −1 still being a sparse matrix. It should also be emphasized that the proposed basis transformation effectively only promotes a beneficial multiplicative split of the (nondiagonal) mortar matrix D into two trivially invertible matricesD and T. Therefore, the contact formulation remains entirely noninvasive, i.e., independent of the particular finite element formulations in the computational domain.
Examining the discontinuous dual shape functions Φ j for second-order mortar finite element analysis (p = 2), defined in (4.7) in more detail, it can easily be verified that in general the resulting global Lagrange multiplier interpolation is of reproduction order p λ = 0; i.e., only constant polynomials are contained.
Locally linear dual Lagrange multipliers.
In the last subsection, suitable dual Lagrange multipliers for second-order finite element interpolation have been derived based on a simple basis transformation procedure. Although the resulting dual shape functions are locally (bi-)quadratic, we have seen that in the general case of distorted elements it is possible only to ensure that the constant polynomials are contained in the global Lagrange multiplier interpolation, i.e., p λ = 0. Thus, one may argue that reducing the total number of Lagrange multiplier degrees of freedom by using only locally linear dual shape functions would make mortar coupling more efficient for quadratic finite elements, while at the same time convergence of the discretization error should be unaffected. Moreover, for the standard Lagrange multiplier case, the corresponding procedure has already been outlined in section 4.3; see also [28, 30] .
This section hence aims at deriving alternative dual Lagrange multipliers for second-order finite element interpolation, which are based only on locally linear shape functions. Only the corner nodes of quadratic finite elements, i.e., only three nodes for tri6 elements and four nodes for quad8 and quad9 elements, carry discrete Lagrange multiplier degrees of freedom in this case, and thus m (1) < n (1) . Using the same framework as in the last subsection, our elementwise basis transformation for tri6 elements is now defined as ⎡ 
Definition of the scalar α is easy this time. The simplest way of obtaining locally linear polynomials for the modified shape functions of the corner nodes is to set α = 1 2 , as this results in the well-known linear hat functions forÑ 1 ,Ñ 2 , andÑ 3 . Unlike before, only these corner nodes will be used in the biorthogonality construction later on and carry dual Lagrange multipliers. The only fundamental difference between the transformation matrix and the one introduced in section 4.4.1 is the fact that partition of unity is now enforced for the corner nodes only; i.e., 3 j=1Ñ j = 1 but 6 j=1Ñ j > 1. Displacement shape functions of the edge nodes, on the other hand, remain unchanged in order to ensure the invertibility of T ele . Finally, it can be observed that the modified shape functionsÑ j are quite simply the well-known hierarchical basis functions. Again, the case of quad8 elements can be derived in full analogy, with the numbers of edge and corner nodes simply changing from three to four. The effect of our second basis transformation for both tri6 and quad8 elements is illustrated in Figure 4 .3. For the sake of completeness, we mention that the above approach is readily extendable to quad9 elements, too. While it is included in the actual implementation, we do not consider this case in detail here.
As in section 4.4.1, dual Lagrange multiplier shape functions Φ j are now obtained from the modified slave displacement shape functionsÑ j via the well-known biorthogonality relationship (4.1). However, dual shape functions are defined only for the corner nodes, whereas edge nodes now do not carry Lagrange multipliers and in simple terms then play a role similar to that of master nodes. Local biorthogonality on each slave element then reads as
where the number of Lagrange multiplier nodes is now only m Figure 4 .4 for both tri6 and quad8 elements. It can be seen that the dual shape functions that we obtain are identical to the first-order case discussed in section 4.2, which is not surprising in consideration of the fact that both cases are based on simple linear hat functions in the biorthogonality construction.
As before, the transformed nodal displacementsd
are given based on nodal connectivity information and the transformation matrix entries from (4.14) as
for edge nodes, (4.16) with adj representing the number of slave nodes adjacent to slave node k. At the global level, the basis transformation of all slave displacements (including both corner nodes and edge nodes) can again be expressed asd S := T −1 d S and retains all the properties described in section 4.4.1. Splitting all slave side displacement degrees of freedom into corner node displacementsd S ∈ R
3m
(1) and edge node displacements
(1) −3m
(1) reveals the following substructure of the transformation matrix:
Therefore, discretization of the slave part of the contact virtual work in (2.13) yields
where the square matrix block D associated with the slave corner nodes (i.e., the nodes actually carrying discrete Lagrange multipliers) can be expressed as
WhereasD reduces to a diagonal matrix owing to the biorthogonality relationship defined in (4.15), we observe that D does not. Moreover, in contrast to section 4.4.1 its inversion is also no longer trivial due to the coupling of corner node and edge node degrees of freedom represented by the matrix block A of T −1 . In order to nonetheless benefit from the major advantage of dual Lagrange multiplier interpolation, a different strategy is needed here. SinceD is diagonal, a trivial condensation of the discrete Lagrange multipliers is in any case possible. Thus, we simply follow the opposite approach as before and do not shift the contact terms to the unmodified basis d S but rather shift the internal/external force and stiffness terms to the modified basis d S . Again, this step is performed at negligible computational cost, because the basis transformation d S := Td S can be applied locally, i.e., at the element level before global assembly.
Finally, the resulting locally linear dual shape functions Φ j , j = 1, . . . , m (1) , have the same global properties as the locally quadratic ones; i.e., they are discontinuous, and in general only the constant polynomials are included in the global Lagrange multiplier interpolation (p λ = 0). However, whereas for the first alternative in 4.4.1 all slave nodes also carry discrete Lagrange multipliers (m (1) = n (1) ), the second alternative only allocates additional degrees of freedom to the slave corner nodes and thus works with a reduced number of constraints (m (1) < n (1) ). Assuming a regular interface mesh, we readily obtain the estimates m 
PDASS and solution algorithm.
This section gives a short overview of the solution algorithm applied to the mortar finite element discretization of both frictionless and frictional contact, well known as the primal-dual active set strategy (PDASS). It has been demonstrated in [6, 13, 29] that the PDASS can equivalently be interpreted as a semismooth Newton method, which in the case of nonlinear problems suggests an integrated treatment of all nonlinearities (including the search for the active set and the stick/slip regions) within one single iteration loop. Successful applications to small deformation contact problems [1, 16, 17] and also to the finite deformation regime including Coulomb friction [10, 24] have confirmed the robustness and efficiency of such active set schemes.
The essential idea of the semismooth Newton method in our context is a reformulation of the inequality constraints within so-called complementarity functions. These nonsmooth equality conditions then allow for the inclusion of the active set decision (or the stick/slip set decision in the frictional case) in a standard Newton-Raphson procedure. As an example, the nonpenetration constraints in (3.7) for every Lagrange multiplier node j = 1, . . . , m (1) can equivalently be expressed as
where the equivalence holds for arbitrary positive values of the complementarity parameter c n . Thus, c n represents a purely algorithmic parameter. While C n,j is a continuous function, it is nonsmooth and has no uniquely defined derivative at positions z n,j − c ngn,j = 0. Yet, it is well known from the literature on constrained optimization [13, 29] that the max-function is semismooth and therefore a Newton method with superlinear local convergence behavior can still be applied. A similar derivation for tangential contact conditions according to Coulomb's law can be found in [10, 16] . As a result, the nonlinear contact problem defined by the discrete equilibrium of forces (3.3) and the discrete constraints (3.7) can be solved within one semismooth Newton scheme, where the active set A and the inactive set I = S \ A are updated after each iteration step according to the complementarity functions defined above.
We emphasize that this solution algorithm requires a consistent linearization of all deformation-dependent quantities, such as, e.g., the mortar matrices D and M. This linearization accounts for the better part of the implementational effort associated with a fully nonlinear mortar contact and has been described in detail in [10, 24] .
Although this paper does not discuss the actual solution of the resulting linear systems of equations, we point out that dual Lagrange multipliers are very favorable in this context. The biorthogonality property reduces the mortar matrix inverse D −1 either to a diagonal matrix (see section 4.2) or to at least a sparse matrix (see section 4.4). Both cases have been shown to allow for a trivial condensation of the discrete Lagrange multiplier degrees of freedom from the final system. This in turn removes the typical saddle point-type structure of the final linear systems and greatly promotes the applicability of state-of-the-art iterative solvers and preconditioners, such as algebraic multigrid techniques [5] .
Numerical results.
Three numerical examples are presented in detail to demonstrate the validity and efficiency of the proposed mortar contact formulation with dual Lagrange multipliers for second-order interpolation in three dimensions. The simulations are based on a parallel implementation of the contact algorithms described above in our in-house multiphysics research code BACI [32] .
Before considering the actual contact case, spatial convergence will be analyzed in the context of mortar mesh tying for linear elasticity in section 6.1. The classical Hertzian contact problem in section 6.2 confirms the high quality of the results for the frictionless case, whereas the fully nonlinear case including Coulomb friction is investigated in section 6.3. Typical contact patch tests with constant stress solutions were also conducted and all passed to machine precision. This is not surprising since mortar discretizations of contact problems are well known to satisfy patch tests on arbitrary nonmatching interfaces by construction [22, 39] , which constitutes one of their major advantages over traditional node-to-segment schemes.
6.1. Tied contact: Beam bending. As a first validation step, the proposed discrete dual Lagrange multipliers are analyzed for 3D linear elasticity. No unilateral contact is considered yet, but classical domain decomposition with nonmatching interface meshes (so-called tied contact) is. We simplify the fully nonlinear problem formulation given in section 2 by introducing the small deformation assumption. Kinematics are then defined via the linearized strain tensor =
T ). Material behavior is assumed to be linear-elastic based on Hooke's law σ = C : , which relates the Cauchy stress tensor σ and the linearized strain tensor via a fourth-order constitutive tensor C. The components of C are given as
with Young's modulus E and Poisson's ratio ν. In the following, we consider the simple bending problem of a cuboid structure with dimensions l x × l y × l z (see left side of Figure 6 .1), which is supported such that all rigid body modes are removed. The whole setup is symmetric with respect to the xy-and yz-planes, and Dirichlet boundary conditions are given as (6.2)
Pure bending around the z-axis is then readily obtained by applying distributed loads f x = ±2p problem of linear elasticity is well known [31] to be
For our numerical simulation, geometry, material, and loading parameters have been chosen as l x = 4, l y = 2, l z = 1, E = 1000, ν = 0.3, and p = 100. The deformed configuration and an exemplary finite element mesh are illustrated in the right side of Figure 6 .1. A mortar interface, which has intentionally been given a curved shape to make the problem more general, cuts the structure into two nonmatching parts. The convergence study carried out in the following analyzes the discretization error u − u h in the energy norm, which is defined as
Both subdomains are discretized with hexahedral and tetrahedral conforming finite elements of polynomial degree p, where either p = 1 (first-order elements) or p = 2 (second-order elements). Dual shape functions are used for the discrete Lagrange multipliers, and the focus is on our two different new sets of dual Lagrange multipliers for second-order interpolation defined in section 4.4 . Uniform mesh refinement is applied with the element size ratio of slave and master sides being fixed at The results for first-order finite elements in Figure 6 .2 demonstrate that all cases considered converge asymptotically with the optimal order that can be expected in the given example, i.e., O(h). Analyzing the second-order cases (20-node or 27-node hexahedral elements and 10-node tetrahedral elements) in more detail, it can be seen that both linear and quadratic standard Lagrange multiplier interpolation according to section 4.3 as well as locally quadratic dual Lagrange multiplier interpolation according to section 4.4.1 (denoted by the ending "quad" in Figure 6 .2) yield almost identical results. All of these second-order cases converge asymptotically with O(h 2 ). Only the behavior for locally linear dual Lagrange multipliers as introduced in section 4.4.2 (denoted by the ending "lin" in Figure 6 .2) shows some marginal deterioration, especially in combination with the tet10 mesh. The reason for this slightly suboptimal behavior is not directly apparent and may be a topic of further investigation. 
. Tied contact beam bending example-convergence of error in the energy norm with uniform mesh refinement for hexahedral meshes (left) and tetrahedral meshes (right) using standard Lagrange multipliers (top) and dual Lagrange multipliers (bottom).
All in all, a perceptible deterioration by O(h 1/2 ), as predicted by the theory when the global Lagrange multiplier interpolation is only of reproduction order p−2, cannot be observed in the numerical results. This is in accordance with the results in [30] , where different mortar methods have been analyzed for a Laplace operator problem. The interested reader is also referred to [28] for a very similar numerical example in the context of standard Lagrange multipliers only. Other error measures, e.g., the L2 norm of the discretization error, give equally conclusive results.
Of course, the results obtained in this example are not directly transferable to unilateral contact problems and friction, because the regularity requirements for establishing a priori error estimates similar to those of [30] do not necessarily hold for these cases. Nevertheless, with the above validation of optimal convergence of the proposed dual Lagrange multipliers in the tied contact setting, we have at least gained a strong indicator for their applicability to contact analysis. and the radius ρ of the circular contact zone (see, e.g., [31] ). For the given set of parameters, we obtain λ max n = 18.042 and ρ = 1.031 as analytical values. The mortar finite element discretization is based on 20-node hexahedral elements and our new with respect to the analytical solution is 2.8%. This deviation is solely due to the fact that while the analytical solution is based on the small deformation assumption, our implementation is fully nonlinear and thus the mortar matrices D and M as well as the weighted gapsg n,j are deformation-dependent. However, our implementation is still consistent, which becomes clear when the external load is exemplarily reduced to p = 0.05. Then, the difference between small deformation and finite deformation formulation and thus also the relative error of λ max n further diminish. Precisely, the analytical solution is given as λ max n = 11.366 and ρ = 0.650 in that case, and the relative error for the finest mesh reduces to 1.7%, which can also be seen in Figure 6 .4.
The results of the convergence study of the discretization error are summarized in Figure 6 .5, where only the case p = 0.2 is considered. As there indeed exists an analytical solution for the maximum contact traction λ max n but not for the displacement field u, a numerical reference solution is computed based on a sufficiently fine hex20 mesh. Asymptotically, we observe O(h 3/2 ) convergence for second-order interpolation, which is in accordance with theoretical results for unilateral contact [37] . As discussed in section 3, no better a priori estimates than O(h 3/2 ) can be expected due to the reduced regularity of contact solutions. First-order interpolation based on hex8 elements is investigated for comparison purposes and yields optimal O(h) results.
Numerical results for the active contact zone and for the normal contact traction distribution are illustrated in Figure 6 .6 for different mesh sizes h. It can be very clearly seen how the circular shape of the contact zone and the parabolic traction profile are resolved more and more with mesh refinement. Furthermore, an excellent agreement of the numerical solution with the analytical reference value for the contact zone radius ρ is visually confirmed. All in all, the results demonstrate the unrestricted applicability of the proposed second-order dual Lagrange multipliers to unilateral contact analysis. Is is worth noting that we cannot start the semismooth Newton scheme outlined in section 5 with an empty active set A = ∅ in this example, since then the hemisphere would have no constraints in the y-direction. There exist different possibilities for initializing the active set in such a case (e.g., only the lowest node of the hemisphere), but the convergence behavior of the active set strategy remains almost unaffected by this choice [17] . In all examples considered here, the semismooth Newton scheme needs fewer than 10 steps to locate the contact zone comprising up to 2165 active nodes.
Frictional contact with finite deformations:
Sliding. The final example demonstrates the performance of the proposed algorithms in the most general contact case, including finite sliding and Coulomb friction as well as significant active set changes. Mortar finite element discretization of the Coulomb friction case and a corresponding extension of the semismooth Newton approach presented in section 5 are described in great detail in [10, 16] .
We consider a test setup suggested in [15] , which consists of two half-cylindrical structures oriented in the y-direction as depicted in Figure 6 .7. The inner and outer radii of the upper body (slave) and the lower body (master) are r We investigate and compare the Coulomb friction case (with a coefficient of friction of μ = 0.3) and the frictionless case. Numerical results and some characteristic stages of deformation for both scenarios are shown in Figure 6 .8. Due to tangential forces in the contact zone, there is considerably less relative sliding in the contact zone for the frictional case. Unfortunately, apart from slight differences in the final deformed configurations, this effect can hardly be seen in Figure 6 .8. Thus, we provide an additional visualization of the normal and tangential contact tractions in Figure 6 .9, which more clearly illustrates the effect of friction on the contact interface.
The numerical efficiency of our semismooth Newton-type PDASS is evaluated by monitoring the relative L2 norm of the total residual r that the PDASS allows for a very efficient solution of the considered fully nonlinear contact problem. It also becomes clear from Figure 6 .10 that contact with friction is apparently harder to solve than the frictionless case and thus requires some more active set iterations as well as semismooth Newton steps. However, in all cases the correct active set and the correct stick/slip regions are found within only a few iteration steps. With the sets being fixed, the nonlinear iteration scheme then reduces to a standard (smooth) Newton method, and thus we obtain quadratic convergence in the limit owing to the underlying consistent linearization [10, 24] . Most importantly, the possibility of solving all sources of nonlinearities (including finite deformations, material, and frictional contact itself) within one single nonlinear iteration loop constitutes a major advantage of the semismooth Newton method over a nested active set approach (see, e.g., [11, 12] ) or a nested augmented Lagrangian or Uzawa algorithm version of the penalty approach (see, e.g., [26, 27, 28] ).
Conclusion.
In this paper a 3D mortar method for finite deformation contact including frictional sliding has been presented. Special focus has been set on quadratic finite element interpolation, i.e., possibly mixed meshes composed of hex27, hex20, and tet10 elements. The resulting contact algorithm for the first time successfully combines dual Lagrange multiplier ideas with second-order mortar finite elements in the fully nonlinear realm. To achieve this we have proposed two new approaches of dual Lagrange multiplier spaces for quadratic finite element interpolation, which allow for a very simple but efficient condensation of the emerging linear systems of equations. Both alternatives are based on a biorthogonality relationship well known from dual Lagrange multiplier interpolation for first-order finite elements, which is combined with a basis transformation procedure. This yields feasible locally quadratic and locally linear dual shape functions, respectively.
All cases considered showed optimal convergence for a tied contact example, except for the locally linear dual Lagrange multiplier interpolation case in combination with 10-node tetrahedral elements, which was slightly suboptimal. Contact examples in the regime of small and finite deformations, also including Coulomb friction, demonstrated the accuracy and robustness of the proposed dual mortar approach in conjunction with a semismooth Newton method for the active set. All desirable features of dual Lagrange multipliers for mortar contact algorithms apparently carry over from linear to quadratic finite element interpolation in three dimensions.
